Abstract. Smith et al. gave the sufficient and necessary conditions for the boundedness of Volterra type operators on Banach spaces of bounded analytic functions when the symbol functions are univalent. Lin recently extended their results to weighted Banach spaces with standard weights. In this paper, continuing this line of investigation, we give the complete characterizations of the conditions for the boundedness and compactness of Volterra type operators Tg and their companion operators Sg between weighted Banach spaces H ∞ ν and Bloch type spaces B ∞ ν with more general weights, which generalize their works.
Introduction
Let D be the unit disk of the complex plane C and H(D) be the space consisting of all analytic functions on the unit disk. For any g ∈ H(D), the Volterra type operator T g is defined by
Its companion operator S g is defined by
The Volterra type operator T g was firstly introduced by Pommerenke [23] to study the exponentials of BMOA functions and in the meantime, proved that T g acting on Hardy-Hilbert space H 2 is bounded if and only if g ∈ BM OA . After his work, Aleman, Siskakis and Cima [1, 2] studied the boundedness and compactness of T g on Hardy space H p , in which they showed that T g is bounded (compact) on H p , 0 < p < ∞, if and only if g ∈ BM OA (g ∈ V M OA). For the related works, see [14] . Furthermore, Aleman and Siskakis [3] studied the boundedness and compactness of T g on Bergman spaces and Xiao [27] studied T g and S g on Q p spaces.
Recently, Lin et al. [15] characterized the boundedness of T g and S g acting on the derivative Hardy spaces S p (1 ≤ p < ∞). Miihkinen [20] investigated the strict singularity of T g on Hardy space H p and showed that the strict singularity of T g coincides with its compactness on H p . Mengestie [19] obtained a complete description of the boundedness and compactness of the product of Volterra type operators and composition operators on weighted Fock spaces. Furthermore, by applying the Carleson embedding theorem and the Littlewood-Paley formula, Constantin and Peláez [9] obtained the boundedness and compactness of T g on weighted Fock spaces and investigated the invariant subspaces of the classical Volterra operator T z on such spaces.
Let us recall that a weight ν is a non-negative continuous function defined on D such that ν(z) = ν(|z|) and is decreasing.
The weighted Banach spaces H The norms and essential norms of several bounded linear operators on such spaces had been extensively studied. For instance, Montes-Rodríguez [21] obtained the essential norms of weighted composition operators on H ∞ ν . Although the necessary and sufficient condition for T g : H ∞ → H ∞ to be bounded are characterized recently by Contreras, Peláez, Pommerenke and Rättyä [11] , the condition characterizing the symbol g uses the Cauchy transforms which seems to be difficult to verified. However, Anderson, et al. [4] This condition is sufficient for the boundedness of T g : H ∞ → H ∞ , however, it was recently proved to be not necessary by Smith et al. in [25] , where a counterexample was given. However, when the symbol g is univalent, this conjecture was proved to be affirmative in that paper. Following their works, Eklund et. al. [12] studied the boundedness and compactness of T g between H ∞ να and H ∞ , where g is univalent and ν α = (1 − |z| 2 ) α with 0 ≤ α < 1. Lin [16] extended their results to the corresponding questions of T g : H (see [7] ), so does the the little Bloch type space
Following Shields and Williams [24, 6] , we define that (a) the weight ν satisfies property (U) if there exists a positive number α such that the function r → ν(r)/ν α is almost increasing, or equivalently, inf n
(b) the weight ν satisfies property (L) if there exists a positive number α such that the function r → ν(r)/ν α is almost decreasing, or equivalently, there is a natural number k such that lim sup n ν(1−2 −(n+k) ) ν(1−2 −n ) < 1 ; (c) the weight ν satisfies both properties (U) and (L) is called normal. Obviously, the standard weights ν α = (1 − |z| 2 ) α with α > 0 are normal and Hardy and Littlewood [13] proved that for all α > 0, H To state the main results of this paper, we need the definitions of the so-called associated weight (see [8] ). For a given weight ν, its associated weight ν is defined by
It is known that the following relations between ν and its associated weight ν hold:
(1) ν is also a weight and ν ≤ ν, what's more,
if ν is typical, then so is ν, and in this time, it holds that
When a weight ν is essential, then in any formulas in this paper, ν can be replaced by ν without changing the results. It is well known that the weights ν satisfying property (U) are always essential. It is also known that if ν is analytic, then ν = ν and, in particular, ν is essential as well. For example, the analytic functions f (z) = 1 + log
, with α > 0, produce the essential weights ν log,α = 1 + log
which are analytic and in the meantime, satisfy property (U).
In this paper, using the ideas from [16, 25] , we firstly give the sufficient and necessary conditions for the boundedness and compactness of T g : H Then for some general weights, we characterize conditions for the boundedness and compactness of T g :
, and in this time, the key point in our study is the relationship between the growth of a function and the growth of its derivative, motivated by [6] . Finally, the conditions for the boundedness and compactness of T g : B 
such that
Here, C F is a constant depending only on function f . Using the similar arguments from [12, 25] , we have the following two lemmas.
Lemma 1. Let 0 < γ < η < π, 0 ≤ θ < 2π and ε > 0. Then there exists a positive number δ(ε) such that for any
γ,θ . Now we give the complete characterizations of the conditions for the boundedness of Volterra type operators
, the weight ν is analytic and µ is an arbitrary weight, then
Proof. Assume first that lim sup
dr ≤ N whenever t 0 < t < 1 .
For any f ∈ H
∞ ν , we have
where
Then choose a nondecreasing positive sequence {t 0,n } ∞ n=1 , with t 0,n → 1 − , such that for each t 0,n , there exits an angle θ n , with 0 ≤ θ n < 2π, such that
Define the function
Since log(g ′ ) ∈ B, there is a constant K > 0 such that
By Lemma 2, we have
γ,θn . Thus, the restriction of F n to Ω 
η,θn , where u n is the conjugate of u n such that u n 1 2 e iθn = 0. From (1) and the definition of conformal function ψ η,θn , we obtain that there is a real r η with 0 < r η < 1 such that
and consider the sequence {f n } ∞ n=1 of functions given by
where f ν is an analytic function such that v(z) = 1/f ν (|z|) for all z ∈ D . Then by (2) and the fact that the weight ν is analytic, it follows that the sequence
Now choose n large enough so that r η ≤ t 0,n < 1, we see that
First, we observe that
Then, for the estimation of another integral, we see that
Accordingly, for n large enough such that r η ≤ t 0,n < 1, we obtain that
Letting n → ∞, it follows that T g :
Remark 1. From the proof of Theorem 1, we see that the condition lim sup
is sufficient for the boundedness of
Remark 2. If g ∈ H(D) is univalent, then by [22] , it holds that log(g ′ ) ∈ B, thus Theorem 1 holds for the univalent case.
Remark 3. It should be noticed that Basallote et. al. [6] had given the following complete characterization of the boundedness of T g : H ∞ ν → H ∞ µ for the general symbol g ∈ H(D) when µ is quasi-normal, namely, the following statements are equivalent:
(1)
If, in addition, ν is a typical weight, then both (1) and (2) are equivalent to
The following corollary is the most interesting part of Theorem 1. 
Now we consider the boundedness of the companion operators S g :
In this case, we suppose that the weight ν satisfies property (U). Then by [26, Lemma 5] , there exists a constant C ν > 0 such that for any f ∈ H ∞ ν ,
for any z ∈ D and every non-negative integer n . Thus, by considering the sequence {g n } ∞ n=1 of functions defined by
where f n defined in the proof of Theorem 1 and f ν is an analytic function such that v(z) = 1/f ν (|z|) for all z ∈ D , we have Theorem 2. If g ∈ H(D) such that log(g) ∈ B, the weight ν is analytic and normal and µ is an arbitrary weight, then
The following corollary is the most interesting part of Theorem 2.
Corollary 2. If g ∈ H(D)
such that log(g) ∈ B, the weight ν is analytic and normal, then S g : H ∞ ν → H ∞ is bounded if and only if
If µ is quasi-normal, then we can give the following complete characterizations of the boundedness of S g : H ∞ ν → H ∞ µ for the general symbol g ∈ H(D) . To simplify the notation, we denote ω(z) := (1 − |z| 2 )µ(z) throughout. The following lemma will be used in the proof Theorem 3 below. The arguments are standard (see [6] for example), but we provide the proof for the sake of completeness. 
Accordingly, we obtain that S * * g = S g . 
which is equivalent to condition (2) , that is, (1) and (2) are equivalent. Assume that ν is typical, then since µ is quasi-normal, µ is also typical. Thus, by Lemma 3, (3) implies (1) . Now, it remains to show that (2) implies (3). For any f ∈ H 0 ν , we want to show that
Since the of all polynomials is dense in H 0 ν , there exists a sequence of polynomials {p n } such that
Now we are to investigate the conditions for the boundedness of Volterra type operators T g and S g between Bloch type spaces B ∞ ν and B ∞ µ . Since the corresponding conditions for the boundedness and compactness of Volterra type operators T g between Bloch type spaces B ∞ ν and B ∞ µ had been studied in [12] , thus, we concentrate on the companion operator S g . First, we prove the following lemma. [10] , is equivalent to the condition: sup z∈D µ(z)/ ν(z)|g(z)| < ∞ .
Then by Lemma 4, using the similar proof of Theorem 3, we obtain Theorem 4. If g ∈ H(D), ν and µ are weights, then the following conditions are equivalent:
(
If, in addition, ν and µ are typical weights, then both (1) and (2) Theorem 5. If g ∈ H(D), ν satisfies property (U) and µ is a weight, then the following conditions are equivalent:
If, in addition, ν and µ are typical weights, then both (1) and (2) are equivalent to
Theorem 6. If g ∈ H(D), ν is a weight and µ is a quasi-normal weight, then the following conditions are equivalent:
If, in addition, ν is a typical weight, then both (1) and (2) (1)
Proof. Assume first that
µ is compact and so it is bounded. If
then by Theorem 1, we observe that c < +∞ . Let {t 2,n } ∞ n=1 be a sequence so that 0 < t 2,n < t 2,n+1 < 1, lim n→∞ t 2,n = 1 and
Then for any n ∈ N, we can choose t 1,n with t 2,n < t 1,n such that
Also, we can choose an angle θ n with 0 ≤ θ n < 2π such that
Define the sequence {k n } ∞ n=1 by choosing k n as the largest positive integer such that t kn 2,n ≥ 1 3 for any n ∈ N, then since lim n→∞ log 1 3 log t2,n = +∞, it follows that lim n→∞ k n = +∞ . Now define the sequence
where f n (z) is defined in the proof of Theorem 1, that is,
where f ν is an analytic function such that v(z) = 1/f ν (|z|) for all z ∈ D . Thus,
and s n → 0 uniformly on any compact subset of D .
Choosing n large enough such that t 2,n > r η , then
First, we have
where C 3 (η) := sup |z|≤rη {|g ′ (z)|} . then, to estimate another integral, we have
Therefore, it follows that lim sup
which, according to Lemma 5, is in contradiction with the assumption that T g :
Conversely, assume that
To prove that T g :
such that there exists a positive number W such that sup n∈N f n H ∞ ν ≤ W and f n → 0 locally uniformly in D as n → ∞ . Let ǫ > 0, then there exists t 2,ǫ with 0 < t 2,ǫ < 1 such that
Moreover, there exists t 1,ǫ with t 2,ǫ < t 1,ǫ < 1 such that
where M 1,ǫ := sup 0≤|z|≤t1,ǫ {|g ′ (z)|} . Then for n > N ǫ , we have
From the proof of Theorem 7, we also see that the condition
is sufficient for the compactness of
Remark 5. It should be noticed that Basallote et. al. [6] had given the following complete characterization of the compactness of T g : H ∞ ν → H ∞ µ for the general symbol g ∈ H(D) when µ is quasi-normal, namely, the following statements are equivalent: 
which is equivalent to condition (2.2), that is, (2.1) and (2.2) are equivalent. Assume that ν is typical, then since µ is quasi-normal, µ is also typical. Bearing in mind that an operator is compact if and only if so is its bi-adjoint, it follows that (2.3) implies (2.1). Now, it remains to show that (2.1) implies (2. [12] , thus, we concentrate on the companion operator S g . First, we prove the following lemma. 
